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Weak quantum evolution as the origin of weak values:
measurement-determined definition of quantum transition probability
Gleb A. Skorobagatko1
1Institute for Condensed Matter Physics of National Academy of Sciences of Ukraine, Svientsitskii Str.1,79011 Lviv, Ukraine∗
It is shown, that the Aharonov-Albert-Vaidman concept of weak values appears to be a conse-
quence of a more general quantum phenomenon of weak quantum evolution. Here the concept of
weak quantum evolution is introduced and discussed for the first time. In particular, it is shown
on the level of quantum evolution that there exist restrictions on the applicability of weak quantum
evolution- and, hence, weak values approach. These restrictions connect the size of a given quantum
ensemble with the parameters of pre- and post-selected quantum states. It is shown, that the latter
requirement can be fulfilled for the model system, where the concept of weak values was initially in-
troduced by Aharonov, Albert and Vaidman. Moreover, the deep connection between weak quantum
evolution and conventional probability of quantum transition between two non-orthogonal quantum
states is established for the first time. It is found that weak quantum evolution of quantum system
between its two non-orthogonal quantum states is inherently present in the measurement-determined
definition of quantum transition probability between these two quantum states.
PACS numbers: 73.63.Kv, 72.10.Pm, 73.23.-b, 73.63-b,71.38.-k, 85.85.+j
I. INTRODUCTION
Among numerous peculiarities of quantum mechanical
description of nature the simple concept of operator weak
values as quantum system’s characterization between any
two of its quantum states is one of the most questionable.
All the story has began in 1988, when Aharonov, Al-
bert and Vaidman have shown in their seminal (AAV-)
paper[1] , that if one transforms system’s initial quan-
tum state |i〉 by acting on it with certain operator Aˆ and
project the result on certain other quantum state |f〉,
which is non-orthogonal to |i〉 then the resulting pro-
jection 〈f |Aˆ|i〉 divided by the non-zero overlap of these
two states 〈f |i〉 will be equal to what they define as
”weak value” Aw =
〈f |Aˆ|i〉
〈f |i〉 of operator Aˆ with respect
to two given quantum states |i〉 and |f〉. These two non-
orthogonal quantum states can be refered to as initial, or
pre-selected and final, or post-selected quantum states of
quantum system being disturbed by acting on it with op-
erator Aˆ during the time interval between the moments
of system pre- and post-selection[1].
Within such framework, the disturbance caused by op-
erator Aˆ while acting on given quantum system can al-
ways be interpreted as a sort of measurement performed
on given quantum system between its pre- and post-
selection. In such context pre- and post-selection should
be understood as procedures performed on the ensemble
of identical quantum systems before and after such the
ensemble will experience a ”measurement” by the oper-
ator Aˆ. Obviously, in the situation where |i〉 = |f〉 weak
value Aw reduces to the conventional average 〈i|Aˆ|i〉 of
operator Aˆ with respect to given (pre-selected) quantum
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state of the system and in the particular case when |i〉 is
an eigenstate of operator Aˆ such average is by definition
just the corresponding eigenvalue Ai from the spectrum
of operator Aˆ .
At this point one immediately sees the main peculiarity
of weak values as compared to conventional quantum av-
erages: in most general case pre- and post-selected states
being non-orthogonal to each other can still have very
small overlap |〈f |i〉| ≪ 1 which means that weak value
Aw of operator Aˆ can be much larger than any of its
eigenvalues. In this case one has anomalous weak value.
Evidently, the realization of such situation strongly de-
pends on the particular choice of three independent char-
acteristics of given quantum system: on the form of sys-
tem disturbance (or measurement) i.e. on the form of op-
erator Aˆ as well as on two chosen (pre- and post-selected)
quantum states of given quantum system. Therefore, the
main achievement of Aharonov, Albert and Vaidman in
their AAV-paper was the successful choice of these free
characteristics for realistic quantum system they had cho-
sen.
This way, during the recent thirty years, both in theory
[2] and related eperiments [3–5] the concept of weak val-
ues has got a sense of independent characteristic of those
quantum systems experienced measurement of certain
their characteristics (spin projections or photon polar-
izations) between the procedures of their pre- and post-
selections(see e.g. Refs.[2,3,4]). Moreover, recently it has
been understood and confirmed experimentally for finite
ensemble of polarized photons [5] that quantum weak val-
ues though being introduced for ensembles of quantum
systems have more common features with operator eigen-
values rather than with conventional ensemble averages
[5]. On the other hand, as one could notice already from
a very general definition of weak value in the above, the
time arrow is inherently present in any experimentally
relevant definition of weak values[1–5].
2Therefore, such type of quantum mechanical averages
as weak values, obviously, can serve as certain additional
and quite exotic marker of system’s evolution from its
”initial” to ”final” state, while disturbed by measure-
ment operator Aˆ in between. Taking into account this
observation, Aharonov and Vaidman in their later works
on the subject (see e.g. Ref.[2] and references therein)
had concluded that weak value of quantum operators can
represent even more fundamental quantum object than a
conventional concept of operator eigenvalues does, incor-
porating the latter only as important particular case[2].
This has led them further to the concept of two-vector
formalism being an interesting philosophical generaliza-
tion of Dirac’s ”bra-” and ”ket” vector of states quantum
description[2]. Thus, weak values have emerged as tech-
nically conventional but quite paradoxical by nature ex-
ample of quantum mechanical description, having caused
numerous experimental and theoretical proposals[2–5].
Naturally, precisely because of that a lot of attempts to
trivialize the entire weak value concept and underlying
approach by refuting the strangeness of anomalous weak
value phenomenon have been done. The most radical
criticizm was intended to refer the entire effect of anoma-
lous weak values just to exotic post-selection procedures
on the classical ensembles which have nothing to do with
quantum physics[6]. Whereas another studies [7, 8] tried
to refer all the phenomena related to weak values to the
artifacts of strong quantum fluctuations during the in-
compatible projective measurements performed on the
non-commuting observables very close to each other in
the time domain. However, despite or due to such polar
opinions on the true meaning of weak values, that con-
cept still remains a mysterious peculiarity in the body
of conventional quantum mechanics people still trying to
understand and agree on.
So far, within the above-mentioned context, the aim
of this paper is to give a clear, natural and at the same
time, qualitatively novel quantum statistical explanation
to weak value phenomena, including anomalous weak val-
ues situation, within the standard ideology of quantum
mechanics all members of the community could agree on.
Especially, below I will show, in which way the statisti-
cal meaning of weak values is connected with the pro-
jective measurement-accompanied evolution of quantum
system, what are the restrictions on the ensemble size
under which the evolution of each quantum system of
the ensemble will characterize by weak value of observ-
able and finally what is the quantum statistical role of
anomalous weak values in definition of quantum transi-
tion probabilities.
II. WEAK VALUES OF EVOLUTION
OPERATOR AND QUANTUM TRANSITION
PROBABILITY
Below I will keep most general theoretical description
taking into account the possibility of widest interpreta-
tion of related results, while the parallel with historically
first model system by Aharonov,Albert and Vaidman[1]
will be also maintained. Therefore, let us begin with
most common definition of weak value [1]
Aw =
〈f |Aˆ|i〉
〈f |i〉
, (1)
where quantities Aˆ, |i〉 and |f〉 have been already de-
fined in the above. Now let us use this expression in a
bit inconvenient way, not as widely known definition of
weak value, but as a new definition of transition ampli-
tude from pre- to post-selected quantum state via weak
measurement resulting in weak value
〈f |i〉 =
〈f |Aˆ|i〉
Aw
. (2)
One can see that if weak value is defined by Eq.(1)
than Eq.(2) contains no new information as compared to
Eq.(1). However, below we will see that it actually does
if one takes Aharonov-Albert-Vaidman (AAV-) theoret-
ical model in its most general fashion. Beforehand, let
us make quite straightforward trick, multiplying and di-
viding both sides of Eq.(2) on projection 〈i|f〉 (which is
always non-zero by the assumption). Taking into account
standard quantum mechanical definition of the transition
probability Pi→f = |〈f |i〉|
2 = 〈i|f〉〈f |i〉 between two ar-
bitrary quantum states |i〉 and |f〉 as well as common
definition of the projection operator Πˆf = |f〉〈f | on the
state |f〉 one obtains
Pi→f =
〈i|Πˆf Aˆ|i〉
〈i|Πˆf Aˆ|i〉w
, (3)
where 〈i|Πˆf Aˆ|i〉w = 〈i|f〉Aw. Equation (3) already
contains something interesting enough since it defines
common quantum transition probability in a new way,
as the ratio between two different types of measurement
performed on a given quantum system (remember that
operator Aˆ as well as any projection operator Πˆf = |f〉〈f |
both can be associated with certain type of measure-
ment on given quantum system). Namely, as it was ini-
tially introduced in Ref.[1], if Aˆ represents certain con-
tinuous (but not necessary weak) quantum measurement
between pre- and post-selection, while post-selection Πˆf
itself is represented by another continuous quantum mea-
surement, which follows the measurement performed by
Aˆ, then the nominator of Eq.(3) is the average over initial
(pre-selected) quantum state of two operators Aˆ and Πˆf
acting on the system consequently. It is important that
the nominator in the r.h.s. of Eq.(3) involves just one
act of projective measurement described by Πˆf , whereas
the denominator in the r.h.s. of Eq.(3) represents some-
thing more complicated. In what follows we will see that
3in most general situation where weak values can appear
the denominator of Eq.(3) contains all possible sequences
of special projective measurements each representing a
definite modification of Πˆf . To see this in details, let us
turn to the situation have been discussed in Ref.[1].
As it was shown first in AAV-paper[1], in order to ob-
tain weak value of arbitrary operator Aˆ one should con-
sider the quantum amplitude 〈f |UˆA|i〉 associated with
system’s evolution governed by evolution operator UˆA
between the states |i〉 and |f〉. Evolution operator UˆA
describes how the interaction associated with the pro-
cess of continuous measurement of observable A changes
initial (or pre-selected) quantum state of the system. In
Ref.[1] and further related papers the simplest form of
UˆA is chosen UˆA = exp(−iεAqAˆ), where Aˆ is an opera-
tor related to physical observable A of measured system,
while variable q - characterizes coordinate of the detector
(such a detector variable is usually counted as one being
normally distributed at the stage of system pre-selection:
Pdet ≈ exp(−(q−q0)
2/4∆2), where q0 -is the center of de-
tector coordinate distribution, ∆ is its spread, while for
the positive parameter εA in general one has εA = εA(t),
i.e. it is a function of time. Obviously, operator UˆA
describes system’s evolution due to its interaction with
detector, where corresponded interaction Hamiltonian is
HˆA =
dεA(t)
dt
qAˆ. Naturally, in AAV-paper[1] for HˆA one
has Aˆ = σz , q = z and
dεA(t)
dt
= −µ (∂Bz/∂z) g[y(t, τ)],
where ∂Bz/∂z is a gradient of external magnetic field in
z-direction, while function g[y(t, τ)] ∝ [θ(t+τ)−θ(t−τ)]
is a ”square pulse”-function of time where the width of
the pulse τ is the electron’s ”time of flight” in y-direction
through the region of a non-zero gradient of Bz.
Now since the nature of operator Aˆ in Eq.[3] is not
specified, i.e. it can be arbitrary, one can straightfor-
wardly re-write Eq.(3) with operator UˆA instead of Aˆ.
This results in a remarkable relation
Pi→f =
〈i|Πˆf UˆA|i〉
〈i|UˆA(Πˆf )|i〉w
. (4)
Now it is time to notice that the main approximate
transformation of Ref.[1] which has led authors of that
paper to a weak value Aw of operator Aˆ reads
〈f(t)|UˆA(t)|i〉
〈f |i〉
=
〈f(t)|Tt exp(−i
∫ t
0
dt′HˆA(t
′))|i〉
〈f |i〉
⇒ exp
(
−i
∫ t
0
dt′
〈f(t′)|HˆA(t
′)|i〉
〈f |i〉
)
= 〈i|UˆA(Πˆf ; t)|i〉w
(5)
where 〈i|UˆA(Πˆf ; t)|i〉w = exp(−iSw(t)) with Sw(t) =∫ t
0
dt′ 〈f |HˆA(t
′)|i〉
〈f |i〉 = εA(t)qzAw being a ”weak action” for
interaction Hamiltonian HˆA of the system. Such Hamil-
tonian is proportional to weak value Aw of operator
Aˆ. In equation (5) one has 〈f(t)| = 〈f |U˜+s (t), where
U˜s(t) = exp(−iSst(t)Bˆ/N) is evolution operator with
”strong” action Sst(t) =
∫ t
0 dt
′Hˆs(t
′) related to strong
measurement (post-selection) with corresponded Hamil-
tonian (of strong measurement) Hˆs(t) = (dεst(t)/dt)qxBˆ
in which operator Bˆ of strong measurement normally
does not commute with operator Aˆ of preceding weak
measurement. For example, in AAV-model [1] one has
Bˆ = σx while Aˆ = σz, that is why classical variable q of
the detector has different indices (x and y) in definition
of Hˆs(t) and HˆA(t), correspondingly (see Ref.[1] for fur-
ther details[9]). As well, symbol Tt in the definition of
system’s evolution operator UˆA(t) means time-ordering
operator acting on the time-dependent, operator-valued
exponential operator. (Here and everywhere below we
have put ~ = 1 for simplicity.)
Obviously, the first line of Eq.(5) represents exact
statement, while the second line of that equation is noth-
ing but the result of a certain approximation. Practically,
in the most simple cases, such as e.g. one from AAV-
paper[1], the latter approximation can be made either
assuming εA ≪ 1 or by taking a large enough ensemble
of N ≫ 1 identical quantum systems and performing a
weak measurement with ”ensemble-weighted” interaction
Hamiltonian H˜A =
HˆA
N
on each system in the ensemble
(see [1]). (In the latter situation it is presumed that N is
so large that commutator [H˜A(t1), H˜A(t2)] tends to zero
for arbitrary values of t1 and t2, see Ref.[1]). Obviously,
in both situations the approximation (5) turns out to be
crucial for the entire concept of operator weak values.
Therefore, one may think of the second line of Eq.(5) as
of independent definition of ”weak quantum evolution”,
the latter can be regarded as a special sort of quantum
evolution associated with the existence of weak values of
a given weakly measured observable between system’s pre-
and post-selections. In what follows I will reveal and ex-
plain the basic distinctive features of a novel ”weak quan-
tum evolution” (or simply, weak evolution) phenomenon.
III. WEAK QUANTUM EVOLUTION
APPROACH: LIMITS OF APPLICABILITY
Now, the limits of the applicability for the approxima-
tion (5) of ”weak quantum evolution” should be clarified.
In order to establish to what extent the approximation
of Eq.(5) can be valid in most general cases one needs to
expand exact T-exponent in the first line of Eq.(5)
4〈f(t)|UˆA(t)|i〉 = 1− i
∫ t
0
dt1
〈f(t1)|HˆA(t1)|i〉
〈f |i〉
+(−i)2
∫ t
0
dt1
∫ t1
0
dt2
〈f(t1)|HˆA(t1)HˆA(t2)|i〉
〈f |i〉
+ . . .+ (−i)n
∫ t
0
dt1 . . .
. . .
∫ tn−1
0
dtn
〈f(t1)|HˆA(t1) . . . HˆA(tn)|i〉
〈f |i〉
+ . . .
(6)
Obviously, analogous temporal evolution of N ≫
1 identical quantum systems is described by operator
UˆN,A(t) = (UˆA(t))
N where each operator UˆA(t) is expo-
nential with Hamiltonian H˜A(t) instead of HˆA(t), acting
on the product state |iN 〉 = ⊓
N
j=1 ⊗ |ij〉 and then be-
ing projected on the other (post-selected) product state
|fN (t)〉 = ⊓
N
j=1 ⊗ |fj(t)〉. Then series (6) can be writ-
ten for each of the j-th quantum system of the ensem-
ble involving j-th pre- and post-selected qantum states.
(Therefore, without the loss of generality we will skip
index j in what follows). Notice the time argument in
post-selected vector of state |fN (t)〉, it is due to the non-
zero Hamiltonian Hˆs(t) associated with ”strong” mea-
surement and needed for system postselection. As the
result, for the ensemble of N identical quantum systems
one obtains
〈fN(t)|U˜
N
A (t)|iN 〉 =
(
〈f(t)|U˜A(t)|i〉
)N
(7)
where U˜A(t) is from Eq.(6) with Hamiltonian H˜A(t) =
HˆA(t)/N instead of HˆA(t). Due to non-orthogonality of
states |i〉 and |f〉 one can always decompose |i〉 as follows
|i〉 = |f〉〈f |i〉 + |f¯〉〈f¯ |i〉, where vectors of states |f〉 and
|f¯〉 form complete orthonormal basis of eigenstates for
Hamiltonian HˆA(t) with properties: 〈f¯ |f〉 = 〈f |f¯〉 = 0
and 〈f |f〉 = 〈f¯ |f¯〉 = 〈i|i〉 = 1. In what follows it will be
also useful to introduce a vector of state |¯i〉 = |f〉〈f |¯i〉 −
|f¯〉〈f¯ |¯i〉 being ”complementary” (and orthogonal) to |i〉,
i.e. 〈¯i|i〉 = 〈i|¯i〉 = 0 . One can always parametrize the
latter decompositions as follows |i〉 = cosθ|f〉 + sinθ|f¯〉
and |¯i〉 = sinθ|f〉 − cosθ|f¯〉, in the same fashion as it
was done for the ensemble of N spin-1/2 electrons in
AAV-paper of Ref.[1]. Evidently, for such the case one
has |f〉 = | ↑〉 and |f¯〉 = | ↓〉, while 〈f |i〉 = cosθ and
〈f¯ |i〉 = sinθ, where constant parameter θ represents the
angle of spin polarization in the xz-plane for the initial
(or pre-selected) quantum state of each electron in the
incident beam [1]. It is evident, that 〈¯i|f〉 = 〈f |¯i〉 = 〈f¯ |i〉
and 〈f¯ |¯i〉 = 〈¯i|f¯〉 = −〈i|f¯〉 = −〈f¯ |i〉.
Now let us introduce following general unit operator
(projector) 1ˆ
f,fˆ
(t) which acts as a unit operator on the
eigenstates |f〉 and |f¯〉 at arbitrary instant of time t:
1ˆ
f,fˆ
(t)|f(t)〉 = |f(t)〉 and 1ˆ
f,fˆ
(t)|f¯(t)〉 = |f¯(t)〉.
1ˆ
f,fˆ
(t) = U˜s(t)
(
|f〉〈f |+ |f¯〉〈f¯ |
)
U˜+s (t)
= U˜s(t)
(|i〉+ |¯i〉)
2〈f |i〉
〈f |U˜+s (t) + U˜s(t)
(|i〉 − |¯i〉)
2〈f¯ |i〉
〈f¯ |U˜+s (t)
(8)
With the help of Eq.(8) one can rewrite decomposition
(6) as follows
〈f |U˜A(t)|i〉
〈f |i〉
= 1− i
∫ t
0
dt1
〈f(t1)|H˜A(t1)|i〉
〈f |i〉
+(−i)2
∫ t
0
dt1
∫ t1
0
dt2
〈f(t1)|H˜A(t1)1ˆf,fˆ (t2)H˜A(t2)|i(t2)〉
〈f |i〉
+ . . .+ (−i)n
∫ t
0
dt1 . . .
∫ tn−1
0
dtn
〈f(t1)|H˜A(t1)1ˆf,fˆ (t2) . . . 1ˆf,fˆ (tn)H˜A(tn)|i(tn)〉
〈f |i〉
+ . . .
(9)
At this point from Eqs.(5,9) it becomes evident, that
in order to reduce propagator (7) to its weak quantum
evolution form of the second line of Eq.(5) with following
desired form of the propagator 〈f |U˜A(t)|i〉/〈f |i〉
〈f |U˜A(t)|i〉
〈f |i〉
∼= 〈i|U˜A(Πˆf ; t)|i〉w
= 1− i
∫ t
0
dt1
〈f(t1)|H˜A(t1)|i〉
〈f |i〉
+
(−i)2
∫ t
0
dt1
∫ t1
0
dt2
〈f(t1)|H˜A(t1)|i(t1)〉〈f(t2)|H˜A(t2)|i〉
(〈f |i〉)2
+ . . .+ (−i)n
∫ t
0
dt1 . . .∫ tn−1
0
dtn
〈f(t1)|H˜A(t1)|i(t1)〉 . . . 〈f(tn)|H˜A(tn)|i〉
(〈f |i〉)n
+ . . .
(10)
one should be able to neglect |f¯〉〈f¯ | - component in
the decomposition (8) of our projector 1ˆ
f,fˆ
(t) being sub-
stituted into deomposition (9); another requirement of
the validity of Eq.(10) is the same (zero) phase of two
time-dependent amplitudes 〈i|i(t)〉 and 〈i|¯i(t)〉 meaning
that one can also approximately neglect the |¯i〉〈f | con-
tribution in the decomposition (9). Obviously, the first
among two latter requirements can be formulated as the
restriction
N ≪
∣∣∣∣〈i|f¯〉〈i|f〉
∣∣∣∣ (11)
5whereas the second one can be formulated as follows
arg{〈¯i|U˜s(t)|¯i〉} ∼= arg{〈i|U˜s(t)|i〉}, (12)
One can obtain relations (11,12) expanding a product
of N expansions (9) in the formula (7) under assump-
tion that the largest correction to expression (10) in the
formula
〈fN(t)|U˜
N
A (t)|iN 〉w
∼= (〈f(t)|i〉)
N
(
〈i|UˆA(Πˆf ; t)|i〉w
)N
(13)
should be much smaller than r.h.s. of Eq.(13).
Now it becomes clear that conditions (11,12) are com-
patible with each other and both result in the propaga-
tor of ensemble weak evolution of the type (5). Recall-
ing that, according to our presumed definition H˜A(t
′) =
HˆA(t
′)/N and HˆA(t
′) ∝ Aˆ one immediately obtains
(
〈i|UˆA(Πˆf ; t)|i〉w
)N
∼= exp
(
−i
∫ t
0
dt′
〈i|Πˆf HˆA,I(t
′)|i〉
〈i|Πˆf |i〉
)
.
(14)
where H˜A,I(t) = U˜s(t)H˜A(t)U˜
+
s (t) - is the Hamilto-
nian of weak measurement in the interaction representa-
tion with respect to Hamiltonian H˜s(t) in the evolution
operator U˜s(t) associated with certain strong measure-
ment (or post-selection) on the ensemble of given iden-
tical quantum systems. Notice, that in order to ”com-
pactificate” series (10) into the exponential function of
r.h.s. of Eq.(14) one needs one additional assumption
〈i(t1)|i(t2)〉 ∼= 〈i(t1)|i(t1)〉 which is, however, just a con-
sequence of the above derived restriction of Eq.(12).
Therefore, Eq.(13) can be rewritten in the form
〈fN (t)|U˜
N
A (t)|iN 〉w
∼= (〈f(t)|i〉)
N exp{−iεw(t)qAw}
(15)
with standard weak value Aw =
〈f |Aˆ|i〉
〈f |i〉 of operator Aˆ
(see Ref.[1]).
Here it is interesting to note that inequality being ”al-
ternative” to the limit (11), namely, N ≪
∣∣〈i|f〉/〈i|f¯〉∣∣ -
should represent a condition of the validity of so-called
”null-weak values” approach developed in Ref.[10] as an
alternative which complements description via weak val-
ues. At the same time, the above derivation clearly shows
that in the absence of such strong inequalities as one of
Eq.(11), i.e. in all cases where N &
∣∣〈i|f¯〉/〈i|f〉∣∣ - for
weak values (or N &
∣∣〈i|f〉/〈i|f¯〉∣∣ -for null weak val-
ues) i.e. for very large statistical emsembles of identi-
cal quantum systems (and/or for not very small overlaps
between pre- and post-selected quantum states), overall
weak quantum evolution (and, hence, the weak values-)
approach to temporal evolution of each quantum system
in such ensemble - breaks down (see also related com-
ments in the next section below).
From Eqs.(8-15) one can notice that the entire descrip-
tion of quantum dynamics caused by weak measurement
with post-selection in terms of weak values or, equally,
in terms of weak quantum evolution of the system can
be valid only under special restrictions (11,12). For in-
stance, in the case of parametrization being used in
AAV-model of Ref.[1] the conditions (11,12) connect the
size N of the ensemble of 1/2-spin electrons, the an-
gle θ of pre-selected 1/2- spin polarization in the xz -
plane for each particle of the ensemble together with the
”strength” εst(t)qx of strong measurment associated with
post-selection process in the double Stern-Gerlach type
of experiment considered in Ref.[1]. Namely, conditions
(11,12) in terms of this parametrization result in remark-
able inequality
εst(t)qx sin(2θ)≪ N ≪ tan(θ). (16)
which should restrict the limits of the applicability of
overall weak values approach from Ref.[1]. Evidently,
constraints (11,12,16) signal about the limits of the appli-
cability of entire weak values- and weak quantum evolu-
tion approach. One can see that latter approach remains
valid only for high enough asymmetry in the probability
amplitudes of pre- and post-selected quantum states (as
it takes place in AAV-model [1]) and only for finite-sized
statistical ensembles of identical quantum systems under
consideration (see also related text below).
IV. MEASUREMENT-DETERMINED
QUANTUM TRANSITION PROBABILITY
Further, with respect to identities |f〉〈f | = Πˆf and
〈i|f〉〈f |i〉 = 〈i|Πˆf |i〉 one can rewrite Eq.(10) in a follow-
ing way
〈i|U˜A(Πˆf ; t)|i〉w = 〈i|U˜A(Πˆ
w
f ; t)|i〉
= 1− i
∫ t
0
dt1〈i|Π˜
w
f H˜A,I(t1)|i〉+
(−i)2
∫ t
0
dt1
∫ t1
0
dt2〈i|Π˜
w
f H˜A,I(t1)|i〉〈i|Π˜
w
f H˜A,I(t2)|i〉
+ . . .+ (−i)n
∫ t
0
dt1 . . .∫ tn−1
0
dtn〈i|Π˜
w
f H˜A,I(t1)|i〉 . . . 〈i|Π˜
w
f H˜A,I(tn)|i〉
+ . . .
(17)
with H˜A,I(t) = U˜s(t)H˜A(t)U˜
+
s (t).
In Eq.(17) I have introduced a new quantity, projector
Π˜wf =
Πˆf
〈i|Πˆf |i〉
(18)
6which, evidently, can be treated as the operator of weak
conditioned measurement, or, alternatively, as the opera-
tor of strong fluctuative measurement. These two defini-
tions might seem controversial but one can easily justify
the validity of both.
Indeed, on one hand, operator (18) depends on both
pre-and post-selected quantum states (i.e. on |i〉 and
|f〉, correspondingly) this means it describes a projection
on the post-selected quantum state being conditioned to
chosen pre-selected quantum state of the system. On the
other hand, evident properties 〈i|Π˜f |i〉 = 〈i|i〉 = 1 and
〈f |Π˜f |f〉 = |〈f |f〉|
2/|〈i|f〉|2 = 1/Pi→f mean that the
result of operator Π˜wf action on the corresponded pre-
selected state |i〉 averaged over this pre-selected state is
the same as the result of scalar product 〈i|i〉 = 1 with-
out any post-selection, i.e. the measurement described by
the operator Π˜wf remains non-invasive for the state |i〉 ”in
average”. In this sense related projective measurement
(18) is ”weak”. However, the operator Π˜wf by its defi-
nition, transforms vectors of state |i〉 and |f〉 to vectors
|f〉/〈i|f〉 and |f〉/|〈i|f〉|2, correspondingly, which both
tend to |i〉 if 〈i|f〉 → 1 and both diverge when 〈i|f〉 → 0
signalling about the appearance of strong quantum fluc-
tuations when one tries to project certain initial (pre-
selected) quantum state |i〉 to another (post-selected)
quantum state |f〉 being approximately orthogonal to
the former. Naturally, the latter situation happens when
two near-orthogonal vectors |i〉 and |f〉 correspond to two
non-commuting variables and their evolution is governed
by two non-commuting Hamiltonians (corresponding to
H˜A(t) and H˜s(t) ). Therefore, one can think of the oper-
ator (18) as of the operator of simultaneous measurement
of two non-commuting variables. In particular, a variable
associated with quantum state |i〉 remains well-defined in
average after the projection defined by Eq.(18) onto an-
other non-orthogonal quantum state |f〉, while a simulta-
neous measurement of the latter (i.e. of |f〉) would give
a strongly fluctuating result 〈f |Π˜f |f〉 = 1/|〈i|f〉|
2 → ∞
when 〈i|f〉 → 0 if [H˜A(t), H˜s(t)] 6= 0. This fact, in turn,
explains why according to Eqs.(11,12,16) for large enough
ensembles, in the limit N → ∞, the picture of tempo-
ral evolution (17) described by weak values breaks down.
The fact is that the limit N → ∞ describes the situ-
ation [H˜A(t), H˜s(t)] → 0, where variables corresponded
to vectors |i〉 and |f〉 becomes effectively ”classical” and,
hence, strong quantum fluctutions during simultaneous
measurement of both quantum states - dissappear since
these fluctuations average to zero due to extra contri-
butions to average (6) which cannot be captured by the
approach of ”weak evolution” of Eqs.(14,17).
Now one can see a deep quantum statistical sense
of formula (4) for transition probability between two
arbitrary quantum states. Taking into account that
from Eqs.(4,10,17) 〈i|U˜A(Πˆf ; t)|i〉w = 〈i|U˜A(Πˆ
w
f ; t)|i〉-
describes quantum evolution of the state |i〉 with Hamil-
tonian H˜A(t) accompanied by all possible combinations
of weak measurements of the post-selected quantum state
|f〉 one can rewrite
Pi→f (t) = |〈f(t)|i〉|
2 =
〈i|Πˆf UˆA(t)|i〉
〈i|UˆA(Πˆwf , t)|i〉
(19)
for any two chosen pre- and post-selected quantum
states (|i〉 amd |f(t)〉), arbitrary evolution operator UˆA(t)
of weak measurement between these states and weak
quantum evolution determined by Eq.(17) interrupted in
all possible moments of time by strong fluctuative- (or
weak-conditioned) measurements, one could perform by
means of operator (18). For the ensembles of identical
quantum systems the limits of the applicability of for-
mula(19) are defined by means of restrictions (11,12) on
the size of the related statistical ensemble, initial and
final quantum states overlap and the strength of post-
selecting ”strong” measurement.
One can conclude from all the above, that equation
(19) means that any transition probability from arbi-
trary quantum state |i〉 to another arbitrary quantum
state |f(t)〉 can be calculated, in principle, as the ra-
tio of two time-propagators corresponded to two different
types of system’s evolution between pre- and post-selected
quantum states of interest. Namely, the nominator of
Eq.(19) represents time-propagator describing quantum
evolution of the state |i〉 due to certain weak measure-
ment governed by arbitrary Hamiltonian H˜A,I(t) with
consequent post-selection of the chosen quantum state
|f〉 via arbitrary strong measurement. Whereas, the de-
nominator of Eq.(19) describes weak quantum evolution
of the system where a conventional time-evolution with
H˜A,I(t) gets interrupted by all possible combinations of
strongly fluctuating projective measurements (18) of the
post-selected quantum state |f(t)〉 performed at all pos-
sible stages of system’s temporal evolution.
Now, according to the common statistical meaning of
quantum transition probability between two arbitrary
(initial and final) quantum states |i〉 and |f(t)〉 , the ratio
(19) should be thought of as the number of ”successful”
system ”histories” (or trajectories in the time domain)
all resulting in just one successful measurement of post-
selected quantum state |f(t)〉 at final point t of system’s
”history” - divided by the total number of system’s ”histo-
ries” (or equally, time-trajectories) those ended at t and
contained all possible strong fluctuative- (or equally weak
conditioned) successful measurements of this post-selected
quantum state |f〉 at all possible stages of system’s weak
quantum evolution. Such a representation via weak quan-
tum evolution for arbitrary quantum transition probabil-
ity becomes possible due to fine-tuned quantum fluctu-
ations generated by all possible sequences of weak- and
strong fluctuative measurements of two non-commutative
observables each participating in given quantum transi-
tion of the system from its initial to final quantum state.
As the consequence of the above context, one can claim
that weak quantum evolution concept (with weak values
of corresponded observable) being introduced for arbi-
trary quantum system (or finite ensemble of identical
7quantum systems) describes a fixed class of quantum evo-
lutions (or quantum trajectories) of a given quantum sys-
tem, where certain (post-selected) quantum state appears
most frequently as a result of related strong fluctuative-
(or weak conditioned) measurement during the time in-
terval of overall quantum evolution of the system. Here
it is also worth to point out on the interesting connec-
tion has been revealed in Ref.[11] between quantum Berry
phase of target quantum system during its evolution from
pre- to post-selected quantum state and a measurable
weak value [11]. In the above framework such a connec-
tion could serve as one among fingerprints of system’s
weak quantum evolution.
The latter statements, in turn, means that weak quan-
tum evolution and related weak values of quantum observ-
ables are not just abstract things or artifacts of quantum
calculation, but rather these terms reflect real strongly
correlated quantum effects in system’s temporal evolution
accompanying weak measurements on finite statistical en-
sembles of identical quantum systems with identical pre-
and post-selection. The above theory shows that such
the effects should accompany any quantum evolution of
any quantum system from its arbitrary initial to arbitrary
(non-orthogonal) final quantum state, in order to match
a conventional probabilistic meaning of quantum transi-
tion probability, which is prescribed a-priori to a given
quantum system with chosen initial and final quantum
states.
V. CONCLUSIONS
In the above it was shown that quantum weak values
are fingerprints of a more general novel quantum phe-
nomenon of weak quantum evolution for arbitrary quan-
tum system with pre- and post-selection being valid in
the presence of weak measurement in the process of sys-
tem’s evolution in the case of small overlap between its
pre- and post-selected quantum states, when such quan-
tum system is either unique or is a part of finite (and
not very large) statistical ensemble of identical quantum
systems (with identical pre- and post-selections). In the
above the concept of weak quantum evolution has been
introduced for the first time and explained qualitatively.
The limits of the applicability for weak quantum evo-
lution regime - and, hence, those for weak values has
been established. In particular, it was found that re-
vealed weak regime of quantum evolution resulting in
weak values can take place only for finite (being not very
large) statistical ensembles of identical quantum systems
with fixed inequality between the size of ensemble and
overlap of pre-and post-selected quantum states. It was
shown, that such conditions of weak quantum evolution
regime should be applied to any realistic examples of a
model quantum ensemble including one from the seminal
Aharonov-Albert-Vaidman paper where the concept of
quantum operator weak values had been introduced for
the first time. As the result, it has been demonstrated
that the probability of quantum transition between two
arbitrary quantum states of the system can be defined
via introduced weak quantum evolution of a given quan-
tum system between those two quantum states. The
latter fact means that weak quantum evolution is real
for any quantum system: it governs weak measurement-
caused quantum fluctuations in any quantum system in
order to fulfil the statistical meaning of the probability
of quantum transition from chosen initial to final state
for given quantum system. The above study is practi-
cally important because of the fast growing experimental
background in the area of weak measurements and weak
values. On the other hand, weak quantum evolution con-
cept intimately connects the fact of weak values existence
with the existence of a conventional quantum transition
probability from pre-selected to post-selected quantum
state. The latter connection represents a qualitatively
novel and very interesting viewpoint on the entire weak
values problem, which is able to shed more light on fur-
ther interconnections in the body of conventional quan-
tum mechanics.
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